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A numerical framework for the coupled thermo-mechanical analysis of crack growth in structures loaded by an
applied heat ﬂux is outlined. Using a thermo-mechanical cohesive zone model (TM-CZM), load transfer behavior is
coupled to heat conduction across an interface and the corresponding interface crack. Nonlinear eﬀects occur due to
the coupling between the mechanical and thermal problem introduced by the conductance–separation response between
crack faces as well as through the temperature dependence of material constants of the CZM. The description of the
load transfer behavior uses a traction–separation law with an internal residual property variable that characterizes
the extent of damage caused by mechanical loading. The description of thermal transport includes a representation
of the breakdown of interface conductance with increase in material separation. The current state of interface failure,
the presence of gas entrapped in the crack, the radiative heat transfer across the crack and a contact conductance
between crack faces determine the cohesive zone conductance. The TM-CZM is implemented into a ﬁnite element code
and applied in the study of interface crack growth between an oxidation protection coating on a thermal protection
material.
 2005 Elsevier Ltd. All rights reserved.
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In the design of engineering components for high temperature applications high heat ﬂux loading is of
potential concern. Examples of relevant engineering structures are thermal protection systems for space
vehicles (Dimitrienko, 1999; Columbia Accident Investigation Report, 2003), actively cooled ﬁrst wall0020-7683/$ - see front matter  2005 Elsevier Ltd. All rights reserved.
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John et al., 1999), and high performance brakes (Krenkel and Henke, 1999). Heat ﬂuxes of up to 150
MW/m2 are expected to occur in certain applications (Tivey et al., 1999). Under thermal loading cracks
and delaminations are discontinuities in the temperature ﬁeld, impede heat ﬂow and subsequently redistrib-
ute temperature. As a consequence thermal stresses are induced that can lead to failure of the structure
under consideration.
Early investigations on the failure behavior of cracked structures loaded by temperature ﬁelds were con-
ducted by Florence and Goodier (1959, 1963) and Sih (1962). These studies were concerned with conditions
of steady state and remote uniform heat ﬂux, and assumed fully isolated cracks in inﬁnite homogeneous
isotropic bodies. The energy release rate for the mode II crack tip ﬁeld present in such a case is proportional
to the square of the temperature gradient present. These result, and subsequent others by Sih and Bolton
(1986), Barber (1979) and Chen and Huang (1992), demonstrated that the energy release rate associated
with thermal eﬀects could indeed be substantial. Later, Hasebe et al. (1986), Lee and Shul (1991), Kokini
and Reynolds (1991), Itou (1993), Yan and Ting (1993), Chao and Chang (1994), and Lee and Park (1995),
extended the linear-elastic fracture mechanics analyses to cracks at bi-material interfaces, as well as to arbi-
trary cracks geometries. More importantly in context of the present analyses, crack heat ﬂux was included
into the analyses by Sih and Chen (1986) and by Barber and Comninou (1983), Martin-Moran et al. (1983),
Kuo (1990) and Hutchinson and Lu (1995). While these past results showed a signiﬁcant dependence of the
energy release rate on the crack conductance, only rather simple models for the crack conductance were
used. The crack conductance was commonly assumed as constant, not only along the entire crack but also
independent of crack opening, and rarely based on physically motivated input. Furthermore, only station-
ary cracks were considered such that sequential solutions of heat transfer and stress analysis were suﬃcient.
If, however, integrated multi-physics life cycle predictions of critical components are the goal realistic fail-
ure criteria allowing for coupled thermo-mechanical simulations including crack growth are needed. The
aim of the present study is to propose a coupled thermo-mechanical model for material failure that simul-
taneously considers changes in the load transfer process together with changes in heat transfer as a result of
damage, crack initiation, crack growth, crack opening, and crack face contact.
For studies of crack growth the cohesive zone model approach oﬀers many advantages (Elliot, 1947;
Barenblatt, 1962; Needleman, 1987). In this method, a broad range of physical processes of material sep-
aration can be incorporated within a single numerical method. Two constitutive equations, a volumetric
(hardening) constitutive equation and a cohesive (softening) constitutive equation, describe the solid under
consideration. The parameters in the traction–separation law, cohesive strength and cohesive energy,
are characteristic of the underlying material separation processes. A length-scale, i.e., the cohesive energy
divided by cohesive strength, is part of the constitutive equation.
Most past applications of cohesive zone models were directed towards the analysis of mechanical loading
only. Only few studies are available where cohesive zone models were used in coupled problems. That is, the
thermo-mechanical contact formulations of Zavarise et al. (1992a) and Pantuso et al. (2000), and the hydro-
gen diﬀusion—interface debonding model of Liang and Sofronis (2003). Furthermore, the present model is
related to previous work by Hattiangadi and Siegmund (2004) on a thermo-mechanical crack bridging
model.
For the coupled thermo-mechanical analyses, including the creation of new free surfaces due to crack
growth and the concurrent changing heat transfer conditions, a description of the cohesive zone conduc-
tance is needed. For the present study the focus is on cohesive zone conductance laws capturing the energy
transport across the material in front of the current crack tip, across the fracture process zone, as well as
across the already formed crack. Energy dissipation due to the fracture process itself (Costanzo and
Walton, 2002; Gurtin, 1979) is neglected. Under the heat ﬂux loading considered the amount of energy dis-
sipated by the material separation process is small relative to the energy input from external sources. It is
reasonable to assume a temperature dependence of the cohesive zone properties (e.g., Jin and Batra, 1998;
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leads to changes in the stress carrying capability and the cohesive zone conductance. Both eﬀects introduce
coupling between the thermal and the stress analysis.
In the present study interface crack growth is studied in a thermal protection system based on a carbon–
carbon (C–C) composite substrate and a protective coating. Several approaches have been proposed to pro-
tect C–C composites from oxidation (Tsou and Kowbel, 1995; Wu et al., 1996; Isola et al., 1998; Cairo
et al., 2001). Here, a silicon carbide (SiC) coating is considered. Interface delaminations emerging from sur-
face cracks need to be avoided as they increase the oxidation and burn-out of the C–C composite substrate
(Jacobson et al., 1999).2. The thermo-mechanical cohesive zone model
2.1. General considerations
Linear-elastic fracture mechanics describes the stresses, r, at the tip of a crack in an elastic solid sub-
jected to mechanical loads by a square-root singularity, r  K= ﬃﬃrp , with r the distance from the crack
tip. The stress intensity factor, K  r1
ﬃﬃﬃ
a
p
, characterizes the load with r1 the remote stress and a the crack
length. In the cohesive zone model approach to fracture the stress singularity is removed by introducing a
process zone in place of the ideal crack tip. There, a constitutive law motivated by the actual physical pro-
cess of material separation correlates the material separation D to cohesive surface tractions, Tcz. Material
separation is related to the displacement ﬁeld through D = (Dnn + Dtt) = u+  u. Here, (+,) represent
the two cohesive surfaces, u+ and u are displacements of corresponding points on the opposing cohesive
surfaces, and n and t are the normal and tangential direction characterizing the geometry of the cohesive
surface. The traction vector Tcz possesses components Tn and Tt.
Similarly, in the presence of an applied thermal load, the heat ﬂux per unit area, q, at an ideal crack tip is
characterized by a square-root singularity, q  H 0=
ﬃﬃ
r
p
(Sih, 1965, and also Tzou, 1990). The heat ﬂux inten-
sity factor, H 0  m
ﬃﬃﬃ
a
p ðoh=oyÞ1, depends on the remote applied temperature gradient in the direction per-
pendicular to the crack, (oh/oy)1, and the crack length. Furthermore, the magnitude of the thermal
disturbance induced by the crack, i.e., the temperature jump across the crack relative to the applied tem-
perature gradient, is characterized as the parameter m. In the thermo-mechanical cohesive zone model ap-
proach proposed here the singularity in the heat ﬂux is removed again by considering a process zone instead
of an ideal crack tip. Cohesive zone constitutive laws describing heat transfer across the interface, the pro-
cess zone, as well as across the crack are needed. Regardless of the physical process, heat transfer is as-
sumed to occur only in the normal direction of the local cohesive coordinate system. The heat ﬂux per
unit area across the cohesive zone thus is qcz = qczn. Furthermore, h+ and h are the absolute temperatures
at two corresponding locations on opposing cohesive surfaces, respectively. The temperature jump across
the cohesive zone is deﬁned as Dh = h+  h, and the temperature of the cohesive zone as hcz = (h+ + h)/2.
With k+ and k the thermal conductivities of the material below and above the crack the heat ﬂux densities
going out of the cohesive surfaces are q+ and q, respectively:qþ ¼ kþoh
on

þ
¼ qcz; q ¼ k
oh
on


¼ qcz. ð1ÞHeat transfer across the cohesive zone then is described asqcz ¼ hczðhþ  hÞ ¼ hczDh. ð2Þ
The cohesive zone conductance hcz is a positive number and is deﬁned in its dependence on temperature,
displacement jump and cohesive zone tractions.
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oped for the case of crack propagation along a bi-material interface.
2.2. Load transfer
The load transfer between the cohesive surfaces is deﬁned through the dependence of the cohesive sur-
face traction, Tcz, on the displacement jump across the cohesive surface, D, and the average temperature of
the cohesive zone, hcz.
The traction–separation model used to characterize the interface uses a bi-linear relationship between the
traction vector Tcz and the displacement jump vector D. This model is based on the use of an internal resid-
ual property variable, s (Geubelle and Baylor, 1998). The internal residual property variable records the
monotonic increase in damage and enforces irreversibility in the material separation process. The normal
and tangential components of Tcz, Tn and Tt, are given in dependence of the normal and tangential dis-
placement jumps across the crack byT n ¼ s
1 s
Dn
d
rmaxðhczÞ and T t ¼ s
1 s
Dt
d
rmaxðhczÞ if s > 0. ð3ÞWith this formulation, the cohesive tractions Tcz are parallel to the displacement jump vector D. This con-
dition was shown in Costanzo (1998) as a necessary requirement for this type of model. The parameters of
the cohesive zone constitutive equation are the cohesive strength, rmax, and cohesive length, d. The internal
residual property variable is a measure of the normalized displacement jumps across the cohesive zone:s ¼ min½sini;maxð0; 1 kÞ with k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Dn
d
 2
þ Dt
d
 2s
. ð4ÞThe quantity k is the norm of the non-dimensional displacement jump vector. The residual property var-
iable is assigned an initial value of sini close to unity and reaches zero when complete loss of load carrying
capacity has occurred at the location of consideration within the cohesive zone. The condition s = 0 deﬁnes
the current location of the crack tip. For isothermal conditions, the cohesive strength and cohesive length
allow one to deﬁne the cohesive energy C, i.e., the fracture toughness asCðhcz ¼ constantÞ ¼ 12sinirmaxðhczÞd. ð5Þ
Thermal softening of the cohesive zone is accounted for through a temperature dependence of the cohe-
sive strength, rmax. A linear decay of rmax with temperature and a residual value of rmax at high temper-
ature, rmax,res, is assumed:rmax ¼ max ðrmax;0  krhczÞ; rmax;res½ ; ð6Þ
with rmax,0 the interface strength at zero temperature, kr the corresponding temperature coeﬃcient, and
rmax,res the residual strength at high temperature.
In the traction–separation law of Eq. (2) a value of sini close to unity provides traction–separation func-
tions with high initial stiﬀness. Since the material degradation is coupled to the heat transfer problem, it is
important to predict a realistic shape of the crack opening proﬁle. A high initial stiﬀness of the traction–
separation law results in a crack opening proﬁle with signiﬁcant opening in the wake of the crack tip only.
From a physical perspective, an initial value of sini < 1 is interpreted as the result of the presence of a certain
amount of processing related porosity at the coating–substrate interface (Friedrich et al., 2002).
Already formed crack surfaces start to interact with each other once the normal separation is less
than the combined surface roughness of the crack faces, 2x. A frictionless soft contact model is deﬁned
to describe this interaction:
Fig. 1.
condit
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pc ¼ kcDn if Dn < 0.
ð7ÞThe contact penalty factor, kc, is taken to be equal to the initial stiﬀness of the traction–separation law in
pure normal separation:kc ¼ rmax;0dð1 siniÞ : ð8ÞThe isothermal traction–separation response is shown in Fig. 1(a) and (b) for normal and tangential trac-
tions for a range of mode mixities, w = tan1(Dt/Dn). During mixed mode loading, the resulting peak trac-
tion values are considerably lower than the values under pure normal or tangential separation. The
isothermal normal traction–separation response at a low temperature, hcz = h0, and at a high temperature,
hcz = h1 is compared to the non-isothermal case in Fig. 1(b). A linear temperature increase from h0 to h1 is
imposed concurrently with the increase in Dn. The thermal softening leads to an additional loss of load car-
rying capacity of the interface.The traction–separation law: (a) normal and (b) tangential response for a range of values of mode mixity and isothermal
ions, (c) normal traction–separation response including thermal softening.
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A model for the heat transfer across the cohesive zone is introduced. As the present study is concerned
with the situation of an applied thermal gradient in the direction perpendicular to the crack plane, heat
transfer in the direction normal to the cohesive zone dominates over heat ﬂow along the cohesive zone.
Consequently, heat ﬂow along the cohesive zone is neglected in the development of the cohesive zone
model. A thermal circuit representing this model contains two branches, one for the interface and one
for the interface crack (Fig. 2). The formulation of the cohesive zone conductance is connected to the
mechanical part of the cohesive zone model by the quantities s, sini, Dn, and pc. Through the residual prop-
erty variable the cohesive zone conductance model is irreversible with respect to the mechanical loads.
For part of the cohesive zone representing an intact or partially intact segment of the interface, s > 0, the
cohesive zone conductance is given by a linear combination of contributions representing conductance
across solid–solid bonds between the materials adjacent to the interface, hint, and through—potentially
gas ﬁlled—porosities at the interface:hcz ¼ hintsþ kg;0 þ Cghcz
  ð1 sÞ
max½n;Dn . ð9ÞThe introduction a lower bound for the normal material separation, min(Dn) = n, regularizes the formula-
tion of the interface conductance and ensures that the contribution of the gas to hint is small compared to
that of the solid–solid bonds for as long as s  sini. From a physical perspective the parameter n represents
the value of the average initial diameter of the porosities found at interfaces between composite substrates
and their oxidation protection coatings (Friedrich et al., 2002). As material separation progresses damage is
incurred across the interface the interface conductance decreases from its initial value, hint while simulta-
neously the contribution of gas is introduced. The cohesive zone conductance is temperature dependent
through the temperature dependent thermal conductivity of the gas, kg = kg,0 + Cghcz, as well as through
the eﬀect of temperature on the material separation.
At s = 0, the interface has failed and solid–solid bonds no longer contribute to the conductance across
the cohesive zone. The cohesive zone conductance for an open crack with normal separation larger than the
average surface roughness of the crack faces, 2x, is given by conduction through the gas present in the
crack and radiative heat transfer between the cohesive surfaces:hcz ¼ hgðD; hCZÞ þ hrðhþ; hÞ ¼ ½kg;0 þ CghczDn þ
Sb
2=em  1 ðhþ þ hÞ½ðhþÞ
2 þ ðhÞ2 if Dn > 2x. ð10Þhghint hr
θ
-
hg+hc
s>0 s=0
hg
θ+
Fig. 2. Thermal resistor model for the cohesive zone conductance.
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temperatures, the Stephan Boltzman constant, Sb = 5.67 · 108 W/m2 K4, an assumed emissivity of the
crack surfaces of, em = 1.0. While hr was considered in all computations, the contribution to the specimen
response was found to be small.
Eq. (9) holds as long as the normal displacement jump, Dn, is larger than the average surface roughness
of crack faces, 2x. If the normal displacement jump is less than the combined surface roughness of the
crack faces, Dn 6 2x, a thermal contact conductance model is employed in analogy to the mechanical con-
tact model in Eq. (7). When two crack surfaces are in contact the real contact is always concentrated at the
top zones of the surfaces asperities. Contact conductance then is a combination of a localized pressure
dependent spot conductance between contacting surface asperities and the conductance through the gas
in the cavities formed by contacting asperities. The contact conductance between solid contacts depends
on the contact pressure, pc, the eﬀective height of the gas ﬁlled asperities, the asperity slope, #, and the prop-
erties of the solids adjacent to the cohesive zone (Mikic, 1974; Zavarise et al., 1992b). In the present study
the eﬀective height of the gas ﬁlled cavities is taken to be constant and equal to the combined surface rough-
ness, 2x. This assumption is made as the expected contact pressures, Eq. (7), between crack surfaces are
small since the external loading does not include an externally applied pressure. In summary, the contact
conductance model is written as0.0
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Fig. 3. (a) Interface conductance breakdown for loading under diﬀerent values of mode mixity sini = 0.9 and, (b) crack conductance in
dependence of material separation in the presence of gas.
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  ﬃﬃﬃ
2
p
pc
Eeq tan#
" #1.06
þ ½kg;0 þ Cghcz
2x
if Dn < 2x; ð11aÞ
1=Eeq ¼ ð1 m2cÞ=Ec þ ð1 m2s Þ=Es; 1=keq ¼ 1=kc þ 1=ks; ð11bÞ
with Ec, mc, kc and Es, ms, ks Youngs moduli, Poissons ratios and thermal conductivities of coating and sub-
strate, respectively. The surface roughness of the crack faces, x, and the corresponding asperity slope value,
#, are connected by tan# = x0.4.
Fig. 3(a) depicts the cohesive zone conductance for a segment representing an initially bonded interface
as a function of the applied normal displacement jump for several diﬀerent values of mode mixity and
kg = 0 (vacuum). Initially, the conductance is hcz = hintsini. Subsequently, hcz decreases as s increases during
mechanical loading. Finally, the interface becomes insulating as s = 0. The break-down in conductance is
slowest for w = 0, and but occurs already under small values of Dn in the cases of high mode mixity.
Fig. 3(b) shows the relationship between the cohesive zone conductance and the normal displacement jump
for a failed element with s = 0. For an open crack, Dn > 2x, the cohesive zone conductance is due to the
presence of a gas only, (1). For a crack with crack faces in contact, Dn < 2x, the conductance due to gas
is limited by the restriction of the minimum in displacement jump as imposed by the crack surface rough-
ness. Following the mechanical contact interaction deﬁned in Eq. (7), for 0 < Dn < 2x the contact conduc-
tance is pressure independent and dependent only on the gas conductance in the cavities formed by the
contacting asperities, (2), while for the overclosure case, Dn < 0, a pressure dependent contact conductance
is given, (3).3. Formulation and numerical procedure
Interfaces and interface cracks are considered as internal cohesive surfaces with partial load and heat
transfer capabilities. In a ﬁnite element formulation, the mechanical equilibrium equations include the con-
tribution of the cohesive zone as integral over the internal surface, Sint. The principle of virtual work is writ-
ten asZ
V
s : dFdV 
Z
Sint
TCZ  dDdS ¼
Z
Sext
Te  dudS; ð12Þwith the nominal stress tensor, s = F1det(F)r, the Cauchy stress, r, the deformation gradient, F, and the
displacement vector, u. Traction vectors are related to r by T = nr, with n being the surface normal. Te is
the traction vector on the external surface of the body.
The variational statement of thermal equilibriumZ
Sint
ðdhþqþ þ dhqÞdS ¼
Z
Sint
ðdhþqcz  dhqczÞdS ¼
Z
Sint
dðDhÞqcz dS; ð13Þcontains the cohesive zone contribution such that the cohesive zone contributions are described by the inte-
gral over the internal surface, Sint, as the product of the cohesive zone heat ﬂux, qcz, and the variation of the
temperature jump across the cohesive zone. Then, the variational form of the energy balance under use of
Fouriers law and including the contribution of the cohesive zone is expressed byZ
V
qcpðohÞdhdV 
Z
Sint
dðDhÞqcz dS þ
Z
V
odh
ox
k
oh
ox
dV ¼
Z
Sext
dhqe dS; ð14Þwith the absolute temperature, h, heat capacity, cp, density, q, the conductivity matrix, k, and the heat ﬂux
per external unit area into the body, qe.
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stiﬀness matrix, Kcz, representing the coupled constitutive formulation:KCZ ¼
Kmf22g Kmtf21g
Ktmf12g Kthf11g
 
f33g
. ð15ÞWithin the element stiﬀness matrix, the submatrix Km{2·2} represents the derivatives of the traction–sepa-
ration response with respect to the displacement jumps; Kmt{2·1} represents the thermal softening of the
cohesive zone through the dependence of the cohesive tractions on the average cohesive zone temperature;
Ktm{1·2} the dependence of the cohesive zone conductance on damage, material separation and contact
pressure; and Kth{1·1} the temperature dependence of the cohesive zone conductance on temperature.
Calculations were conducted with cohesive zone elements possessing 4-nodes and with linear interpola-
tion functions for the displacement variables, and nodal values for temperatures. The thermo-mechanical
cohesive zone element was implemented into the ﬁnite element program ABAQUS v6.3.1 through the UEL
capability. In this code transient solutions are computed using a using a backward-diﬀerence scheme to
determine the temperatures, and the coupled system is solved using Newtons method (ABAQUS, 2003).
A convergence study was performed to evaluate the eﬀect of the mesh size on the solution. The length
of the cohesive zone element considered ranged from 4 to 50n. Predictions of the onset of crack growth were
more sensitive to element length than those of the subsequent crack growth rates. Similar observations were
made in studies of dynamic fracture (Siegmund et al., 1997). Based on the current convergence study and
the results in Siegmund et al. (1997), the length of the cohesive elements was selected as 10d.4. Crack growth simulation
4.1. Model deﬁnition
The sample analyzed consists of a carbon–carbon composite substrate of thickness ts = 5 mm protected
by a SiC coating of thickness tc = 1 mm on both sides of the substrate. This choice of geometry is motivated
by data described in the Columbia Accident Investigation Report (2003). The length of the laminate is
2L = 50 mm. Fig. 4 depicts the half-model geometry of the structure with a symmetry plane at [x = 0].
Cohesive zone elements are placed between top coating and the substrate. A pre-existing edge type crack
of initial length a/L = 1/3 is assumed at the center of the structure. Such crack geometries were reported
in, e.g., Jacobson et al. (1999) and Friedrich et al. (2002).
The specimen is initially stress free. No external tractions are applied, Eq. (16a), rigid body translations
and rotations are constraint through a built-in type boundary condition, Eq. (16b), and symmetry condi-
tions are imposed at the centreline of the model, Eq. (16c):Te ¼ 0; ð16aÞ
ux ¼ uy ¼ 0 at x ¼ 0; y ¼ 0; ð16bÞ
ux ¼ 0 on x ¼ 0. ð16cÞThe initial condition assume the structure at an initial temperature of h0 = 300 K in a stress free state. The
thermal boundary conditions assume radiative cooling at the top surface, [y = tc], with a surface emissivity
of e = 0.7 and a surrounding (sink) temperature equal to h0, Eq. (17a), and an absolute zero temperature hz,
of convective cooling at the bottom, y = (tc + ts), with a ﬁlm coeﬃcient of h = 4 · 104 W/m2 and a sink
temperature of 300 K, Eq. (17b), and insulated sides, [x = ±L], Eq. (17c). Symmetry boundary conditions
are imposed at [x = 0], Eq. (17d). Through the convective cooling on the bottom surface of the model the
temperature at that location remains close to the initial temperature, hbot  h0 throughout the loading. Such
Fig. 4. The model geometry.
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through an applied distributed heat ﬂux at y = tc, Eq. (17e). The applied heat ﬂux magnitude increases
linearly from qe = 0 at t = 0 at a rate of _qe. Such a loading proﬁle represents a high energy atmospheric
re-entry event, with most computations were conducted for _q ¼ 0.2 MW/m2 s (Roume´as et al., 1998). In
summary the thermal boundary conditions areTable
Mater
h [K]
300
773
1273
1500
1800q ¼ eðh h0Þ4 on y ¼ tc; ð17aÞ
q ¼ hðh h0Þ on y ¼ ðts þ tcÞ; ð17bÞ
q ¼ 0 on x ¼ L; ð17cÞ
q ¼ 0 on x ¼ 0; ð17dÞ
qe ¼ _qet on x ¼ 0. ð17eÞThe simulations considers the C/C composite laminate as a transversely isotropic solid and the SiC coatings
as isotropic solid. The longitudinal direction of the C/C composite is assumed to be parallel to the interface
between the C/C substrate and the SiC coating. The elastic and thermal properties characterizing the
behavior of the two materials are summarized in Tables 1 and 2, respectively.
As no actual data for the failure behavior of the SiC–C/C interface was available in the literature,
simulations were conducted with cohesive zone parameters estimated within a potentially reasonable prop-
erty data space. We choose the relationship rmax = max[(90  9.25 · 102hcz), 2.5] MPa to describe the1
ial properties of the SiC (coating), density q = 3100 kg/m3
Ec [GPa] mc kc [W/m K] ac [10
6 K1] cp,c [J/kg K]
415 0.16 114 1.1 715
404 0.159 55.1 4.4 1086
392 0.157 35.7 5.0 1240
387 0.157 31.3 5.2 1282
380 0.156 26.3 5.5 1336
Table 2
Material properties of the C–C composite (substrate), density q = 1700 kg/m3
h
[K]
ET
[GPa]
EL
[GPa]
GT
[GPa]
GL
[GPa]
mT mL kT
[W/m K]
kL
[W/m K]
aT
[106 K1]
aL
[106 K1]
cp
[J/kg K]
300 6 17 2.7 2.7 0.3 0.13 3.9 42 0.5 2.0 720
1300 5.0 43 0.5 2.5 2000
1800 5.8 45 0.6 2.9 2000
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composite by Yang et al. (2002). In computations with a temperature independent cohesive strength the
value rmax = 30 MPa was used. The cohesive length, d, was assumed to be 5 lm (Andrews and Kim,
1998) for all calculations presented and independent of temperature. An initial value for the internal resid-
ual property variable of sini = 0.85 is chosen here. With these parameter values the cohesive energy is
C = 63.75 J/m2.
Thermal analyses of the model were carried out for a mechanically perfectly bonded interface and inter-
face conductance hint = 0.0025, 0.025 and 0.25 MW/m
2 K. These analyses were performed for steady-state
conditions with a temperature gradient of 1200 K applied across the model and a fully insulating initial
crack. Fig. 5(a) shows the distribution of the heat ﬂux per unit area at locations in the C/C laminate adja-
cent to the interface. For large values of hint the 1=
ﬃﬃ
r
p
singularity dependence of q (Sih, 1962) is approached.
For lower values of the interface conductance, hint < 0.25 MW/m
2 K, the heat ﬂux concentration at the
crack tip diminishes and disappears as the interface becomes insulating. The temperature jump across
the interface is shown in Fig. 5(b) for several values of hint. For large values of the interface conductance,
hint > 0.25 MW/m
2 K, the temperature jump is less than 5% of the applied temperature gradient, but in-
creases signiﬁcantly as hint decreases. The value of hint = 0.25 MW/m
2 K was used for most numerical sim-
ulations except for a parametric study. This value of hint is such that the interface introduces little thermal
disturbance.
Furthermore, a crack surface roughness of x = 1 lm, and an asperity slope with tan# = 1.63 rad was
assumed. The temperature dependent conductivity for air is kg = 0.013 + 6.5 · 105hcz [W/m K]. In all sim-
ulations a value of n = d/3 = 1.6 lm was assumed based on estimates from micrographs in Friedrich et al.
(2002) and Smeacetto et al. (2003).0
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Fig. 5. (a) Distribution of total heat ﬂux and (b) temperature drop ahead of the crack tip across an intact interface for diﬀerent values
of interface conductance (kg = 0).
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The predicted specimen behavior for the parameter set _qe ¼ 0.2 MW/m2 s, kg = 0, hint = 0.25 MW/m2 K
and rmax = 30 MPa is presented ﬁrst. Fig. 6 depicts the contour plots of the heat ﬂux component, qy, at four
diﬀerent times. Fig. 7 depicts the corresponding contour plots of the temperature distribution. As the tran-
sient thermal loading is applied, the temperature on the top surface of the structure increases relative to the
temperature at the bottom, creating a thermal gradient. The presence of the initial crack aﬀects the heat
transfer in the center of the specimen over a distance 2ai, and introduces a temperature jump across the
crack. The intact interface, however, introduces no notable disturbance. The temperature gradient across
the structure induces mechanical loading through bending as well as the diﬀerential thermal expansions be-
tween the coating and substrate. As the loading increases, growth of the crack along the interface initiates
at s = 4.6 s. The contour plots of Fig. 6(a) and Fig. 7(a) at s = 4.75 s depict early stages of crack growth.
Crack growth then changes the heat ﬂux and temperature distribution, Fig. 6(b)–(d) and Fig. 7(b)–(d). The
increased disturbance in the thermal ﬁeld together with the increasing amount of applied load then drives
crack growth further. As the crack length increases, a more and more signiﬁcant part of the specimen be-
comes insulating. Finally, the applied heat is conducted over only a small remaining ligament, and a sig-
niﬁcant concentration of heat ﬂux at the crack tip is present at that stage, Fig. 6(d). Most of the crack
surface is insulating, except for locations closest to the symmetry line where contact between crack faces
occurs. In the temperature ﬁelds, crack growth is manifested by an increase in the temperature jump across
the crack, Fig. 7(c) and (d). The insulating action of the crack leads to a signiﬁcant higher temperature of
the coating located above the crack compared to the coating located along the still intact interface.
Details of the cohesive zone heat ﬂux are given in Fig. 8(a) and (b) for a crack in vacuum and gas-ﬁlled,
respectively. For both cases, it is observed that the magnitude of predicted peak value of the cohesive zone
heat ﬂux is neither constant nor monotonically increasing. In fact, the peak value of the heat ﬂux concen-
tration at the still stationary crack (s < 4.6 s for vacuum and s < 4.75 for the gas ﬁlled crack) is larger than
that found for the propagating crack in its early stages. Only at later times does the magnitude in heat ﬂux
at the current crack tip increase again, and surpass the peak found at the initial crack tip. This behavior isFig. 6. Contour plots of the through thickness heat ﬂux at times: (a) 4.75 s (b) 5 s, (c) 6 s and (d) 7 s; vacuum conditions.
Fig. 7. Contour plot of temperatures: (a) 4.75 s, (b) 5 s, (c) 6 s and (d) 7 s; vacuum conditions.
A. Hattiangadi, T. Siegmund / International Journal of Solids and Structures 42 (2005) 6335–6355 6347due to the fact that the crack growth rate is higher than the thermal reference velocity in the coating. The
lag between the thermal front evolving due to the change in the heat transfer conditions caused by crack
growth can be estimated asl ¼ aðsÞ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kc=ðqcpÞcðs siniÞ
q
; ð18Þwith sini the time at crack initiation. Fig. 9 shows the predicted crack extension together with the time evo-
lution of the lag between thermal front and crack tip for the computations with vacuum and gas in the
crack, respectively. For the present model geometry, loading and material parameters considered, the lag
between crack tip and thermal front increases linearly from crack initiation on, and reaches a maximum
value of l = 7.5 mm at Da = 12.5 mm or (s  sini)  1.1 s. This point corresponds to a ratio of crack length
to specimen length a/L = 4/5. After that, the crack growth rate slows as the free edge is approached and the
thermal front can approach the crack tip again, thus raising the magnitude of the peak value of the cohesive
zone conductance. This estimate is in reasonable agreement with the predicted evolution of the peak heat
ﬂux values of Fig. 8. Comparing the peak ﬂux values depicted in Fig. 8 to the prediction of Eq. (18), the
numerical data suggest that the turning point in the lag occurs at slightly shorter times. The cohesive zone
heat ﬂux is signiﬁcantly aﬀected by the presence of air in the crack. Air reduces the peak values of ﬂux at the
crack tip and allows for heat transfer in the wake of the growing crack.
Details of the heat ﬂux predictions in the vicinity of the crack tip are depicted in Fig. 10. When compar-
ing the ﬂux ﬁeld at the still stationary crack tip, Fig. 10(a), to that for a rapidly growing crack, Fig. 10(b),
the reduction in the magnitude of the heat ﬂux at the crack tip is clearly visible. Also, in Fig. 10(b) the ﬂux is
more closely concentrated at the current crack tip. The heat ﬂux ﬁeld depicted in Fig. 10(c) ﬁnally belongs
to a situation where the lag between thermal and crack tip front has been reduced. Then the crack tip ﬂux
ﬁeld is more similar to that of the stationary crack.
The predicted traction distributions for _qe ¼ 0.2 MW/m2 s, hint = 0.25 MW/m2 K, gas present in the
crack for temperature independent and dependent cohesive strength are given in Figs. 11 and 12, respec-
tively. The traction distribution is crack like, with the peak value of stress at the location of the current
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Fig. 8. Spatial distribution of the cohesive zone heat ﬂux for (a) vacuum and (b) gas in the crack.
6348 A. Hattiangadi, T. Siegmund / International Journal of Solids and Structures 42 (2005) 6335–6355crack tip, as well as at the free edge. Crack initiation at the edge does, however, not occur. The failure pro-
cess occurs under a high value of mode mixity with the tangential tractions signiﬁcantly larger than the nor-
mal tractions. Loading of the interface is mainly a result of the mismatch in thermal expansion between
coating and substrate. The maximum value of Tt remains below rmax due to the mixed mode loading con-
ditions, but peak values change little during crack growth. The level of normal tractions is low for most of
the interface and reaches signiﬁcant values close to the free edge, only. At times, s < 5.0 s negative values of
Tn are predicted along the initial crack indicating contact between crack faces. At the location of the current
crack tip alternating positive and negative normal tractions are observed. Positive values of Tn indicate that
the crack is open at the location of the current crack tip. Similar traction distributions were obtained also in
a study of dynamic shear crack growth by Coker et al. (2003). At later stages beyond 5 s, contact between
crack faces is no longer present except for locations at the symmetry line of the specimen, and the peak
values of Tn slightly increased. If the temperature-dependence of the cohesive strength is accounted for,
the traction distribution reﬂects the coupling between the mechanical and thermal ﬁelds. While the crack
tip ﬁelds remain dominated by the tangential tractions, the predicted peak values now decrease during
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Fig. 9. Crack extension and lag between the crack tip and the thermal front, respectively, in dependence of the time after crack growth
initiation.
Fig. 10. Details of heat ﬂux at (a) stationary crack tip, s = 4 s, (b) a rapidly advancing crack tip, s = 4.75 s, and (c) a slowly moving
crack tip s = 6.0 s. Flux vectors are scaled to the current value of applied ﬂux density indicated.
A. Hattiangadi, T. Siegmund / International Journal of Solids and Structures 42 (2005) 6335–6355 6349the crack growth stage. The increase in temperature caused by the applied heat load and the increased insu-
lating action of the crack leads to a signiﬁcant additional degradation of the load carrying capacity of the
interface. At, e.g., s = 7.0 s, thermal softening reduces the maximum level of tangential tractions from
20 MPa to 4 MPa. A similar reduction in normal tractions is present. When comparing the time history
of the locations of the stress peaks between Figs. 11 and 12, it becomes obvious that the thermal softening
also aﬀects the crack growth history.
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6350 A. Hattiangadi, T. Siegmund / International Journal of Solids and Structures 42 (2005) 6335–6355The crack growth history for four diﬀerent parameter combinations is given in Fig. 13. Crack growth
rates are a maximum at crack initiation, and diminish as the crack approaches the free edge. Under vacuum
condition crack growth starts earlier than for the case of a gas ﬁlled crack. The gas contributes to a reduc-
tion in temperature diﬀerence between substrate and coating thereby lowering the thermal stresses evolving.
The predictions suggest that the Biot number Bi = (hcztc)/kc can be used to rank diﬀerent parameter sets in
their inﬂuence on crack initiation. The situation is reversed for the crack growth rate. For an air ﬁlled
crack a higher crack growth rate is found than for the crack in vacuum. A thermal reference velocity
vref = hcz/(qcp)c can be used to rank diﬀerent parameter sets. The speciﬁc form of thermal softening only
little aﬀects the time to crack initiation, but increases the subsequent crack growth rate.
To determine the dependence of crack initiation on the cohesive zone parameters a parametric study was
conducted with variations in the cohesive energy and the interface conductance. The dependence of sini on
the cohesive energy, C, is given in Fig. 14(a) assuming a gas ﬁlled crack and temperature independent cohe-
sive zone properties. The value of C was varied by either changing the cohesive strength or the cohesive
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A. Hattiangadi, T. Siegmund / International Journal of Solids and Structures 42 (2005) 6335–6355 6351strength, with the parameter values given in Fig. 14(b). The computations predict the existence of a thresh-
old in the initiation time, s^ini ¼ 2.5 s at _qe ¼ 0.2 MW/m2 s. Even for a very weak interface crack growth will
not occur at times less than s^ini. For larger values of C the predicted dependence of sini on C can be de-
scribed by a power law sini = CC
n. Computations conducted with diﬀerent values of (rmax,d) but the same
value of C lead to identical values in the prediction of sini. Fig. 14(b) depicts the dependence of the time to
crack initiation, sini, on the interface conductance for a gas ﬁlled crack and for vacuum, respectively. An
increase in hint relative to the value of this parameter used in calculations of the results presented in the
previous ﬁgures, does not lead to any change in the predicted values of sini. However, as the value of
hint—and thus the Biot number—is reduced, the time to crack initiation is reduced. This dependence of sini
on hint was found to be more pronounced for the crack without gas than for cracks ﬁlled with gas.
Results from simulations considering the eﬀects of diﬀerent magnitudes of applied heat ﬂux rates are
shown in Fig. 15 for gas ﬁlled cracks. As the applied heat ﬂux rate increases, the rate of temperature
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6352 A. Hattiangadi, T. Siegmund / International Journal of Solids and Structures 42 (2005) 6335–6355increase in the structure and thus the rate in build-up of thermal stresses increases. The time to crack ini-
tiation decreases while the subsequent crack growth rates increase with an increase in _qe. Fig. 15(a) depicts
the predicted crack extension for three values of applied heat ﬂux rate. The results on sini of these and sev-
eral other computations are summarized in Fig. 15(b). As the value of _qe is reduced a signiﬁcant increase in
sini is present, while for high values of _qe the predictions of sini become less sensitive to the value of _qe. The
time to crack initiation scales essentially as sini / ðconstant= _qeÞ. Furthermore Fig. 15(b) shows an average
crack growth rate in dependence of _qe. The average crack growth rate is obtained from the time it takes the
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A. Hattiangadi, T. Siegmund / International Journal of Solids and Structures 42 (2005) 6335–6355 6353crack to extend 2 mm. The simulations predict a nearly linear dependence of the crack growth rates on the
applied heat ﬂux rate, _qe.5. Conclusion
A thermo-mechanical cohesive zone model is introduced and used to simulate interface crack growth be-
tween a SiC coating and a C–C composite substrate under transient thermal loading. Coupling between
mechanical and heat transfer analysis is due to changes in load transfer and conductance across the interface
due to material separation. A crack conductance formulation complements the model. Additional coupling
between the mechanical and thermal analysis is incorporated via thermal softening of the cohesive strength.
For the geometry and the loading considered material separation is primarily shear dominated by the
diﬀerences in thermal expansions of coating and substrate. The traction distribution during crack growth
exhibits peak values at the location of the current crack tip with the magnitude of the peak given by the
cohesive strength. Thermal softening can signiﬁcantly aﬀect the traction distribution. The distributions
of the ﬂux across the cohesive zone also exhibit peak values of heat ﬂux at the crack tip. However, no upper
limit value for the magnitude of the peak value of heat ﬂux exists, and the thermal conditions of the crack
(vacuum or gas) signiﬁcantly aﬀect the temperature ﬁeld.
It was found that characteristic numbers combining thermal parameters are useful in order to scale the
observed crack growth and its relation to the evolution of the thermal ﬁeld. Scaling relations have been
developed to estimate the lag between thermal front and crack tip, the time to crack initiation and an aver-
age crack growth rate. The actual values of the scaling parameters, however, depend on the choice of the
mechanical cohesive zone parameters.Acknowledgement
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